§ 1. Introduction. One of the main results of the paper is the following. We investigate the existence of solutions of the equation (1.1) λh(ω) = h(ρω) , |λ| > 1 , ρ > 1 , in the class of mappings which are K-quasi-conformal in an open semidisc D centred at zero. The image of the diameter of the semidisc may be an arbitrary boundary subset of h(D). Such a situation arises in iteration theory of polynomial and polynomial-like mappings. In those cases h maps the exterior of the unit disc (or equivalently a half plane) to the basin of attraction of infinity and ρ is the degree of the mapping. We shall prove in particular that (1.2) | ln λ| 2 / ln |λ| ≤ 2K ln ρ and determine all cases when equality occurs in (1.2). Actually, (1.2) implies a generalization of the following theorem by Ch. Pommerenke [7] :
Theorem 1 [7] . Let a = ∞ be a repulsive fixed point of a rational function f (deg f ≥ 2). For i = 1, . . . , p, let Ω i be the distinct simply connected invariant components of C \ J (J = J(f ) denotes the Julia set for f [4] , [5] , [6] ), let h i map conformally the unit disc onto Ω i and let ω ik , |ω ik | = 1, be distinct fixed points of the conjugate mappings ϕ i = h
Note that ϕ i is a finite Blaschke product and ω ik is a repulsive fixed point of ϕ i . Equality (1.3) is to be understood to mean that the angular limit lim ω→ ω ik h i (ω) = a exists [7] .
In the present paper we shall prove (1.4) in a more general situation. Our method is related to the extremal lengths method [1] . It allows us to investigate when equality is achieved in (1.4) .
Notations:
For example:
Suppose there exist domains Ω, U and a mapping h 0 such that
We shall prove the following basic
where
(b) equality is achieved in (2.2) if and only if
under this condition the boundary of the domain
is limited by either rays (if λ > 0), or logarithmical spirals.
R e m a r k 1. The number α * equals the density of the domain Ω at 0 in the logarithmic metric |dz|/|z|.
We now formulate a generalization of Theorem 1. Let f : A → C be a map conformal in a neighbourhood A of 0, and let f (0) = 0, f (0) = λ, |λ| > 1. Suppose there exist finitely many pairwise disjoint domains Ω i and mappings h i , i = 1, . . . , p, such that
where α = lim R e m a r k 2. Theorem 1 follows from Theorem 3 if Schröder's theorem [9] is applied. Then ϕ i is locally (in neighbourhood of ω ik ) conjugate to its
Corollary. Equality is achieved in the left inequality of (1.4) if and only if the Julia set of f is either a circle or a segment and a is any fixed point of f . 
1). The extension is given by
We get a K-quasi-conformal homeomorphism h : Π → Ω * , where
For every ray
3.3. Now we fix the boundary circle S r of a ball B(r) and consider the curve β ϕ 0 = h(α ϕ 0 ) with some ϕ 0 ∈ (0, π). This curve is in Ω * and joins 0 and ∞. There exists an arc S ⊂ S r ∩ Ω * with ends on ∂Ω * through which β ϕ 0 leaves the ball B(r). Then any β ϕ crosses S. Set
Every ray α ϕ crosses l, 0 < ϕ < π.
3.4.
We now introduce two families of curves Γ and Γ . Consider first the family of all intervals joining points ω ∈ l and ω/ρ; then on every ray α ϕ , 0 < ϕ < π, we choose exactly one such interval γ = γ ϕ , namely the one closest to zero. We get the family of intervals { γ ϕ } = Γ . It fills in some set R ⊂ Π.
The family Γ is the family of images γ = h( γ), γ ∈ Γ ; every curve γ ∈ Γ joins a point z ∈ S and z/λ. The family Γ fills in the set h(R) ⊂ Ω * . Now introduce the logarithmic metric in C \ {0}:
and the induced metric in Π:
.
(z = x + iy, ω = u + iv) and, finally,
3.5. We prove that
and (3.1) follows.
3.6. We estimate M from below. For every γ ϕ ∈ Γ we have
Thus,
3.7. Now we estimate M from above. Firstly,
Secondly, consider
Let z ∈ h(R) and suppose z, z 1 = λz and z 2 = z/λ are not endpoints of any curve γ ∈ Γ . It follows from the definition of the family Γ that z 1 , z 2 / ∈ h(R). Denote the area of a set V ⊂ C \ {0} in the logarithmic metric by
For example, A = I(h(R)). Obviously, (3.7) I(V ) = I(λV ) .
Now, if z belongs to h(R)
, but not to the annulus C = C(r/|λ|, r) = {z : r/|λ| < |z| < r} , then we transform z into C by the mapping z → λ k z with some k = ±1, ±2, . . . By the above,
We now show that , r) ) .
Indeed, this follows from (3.7):
where the existence of each subsequent limit follows from the existence of the preceding one. Hence the following limit exists:
Thus, we have proved that M ≤ 2πα * ln |λ| | ln λ| 2 , and, finally, 1
Part (a) of Theorem 2 is proved.
We proceed to prove (b). Suppose equality holds in (2.2). From (3.2) we obtain L = L. Therefore we have equality in (3.5) and in Schwarz's inequality (3.4) (for almost every ϕ ∈ (0, π)). Hence (3.9) σ(ω) = const |ω| almost everywhere on γ ϕ . Now (3.2) may be rewritten as
almost everywhere in ϕ. So, γ is a geodesic in the metric |dz|/|z|. Hence
The conditions on η and κ are verified by calculations. Theorem 2 is proved.
At the same time we have proved , r) ) . § 4. Proof of Theorem 3. By Schröder's theorem [9] (applied to the branch of f −1 with f −1 (0) = 0), there exists a conformal isomorphism g : B(|λ|τ ) → A 0 from some ball B(|λ|τ ) to a neighbourhood A 0 ⊂ A of zero such that g(λz) = f (g(z)), z ∈ B(τ ).
Let Π t = {ω : arg ω ∈ (t, π − t)}. For t ∈ (0, 1/2), the restriction of h i to Π t is continuous up to the point ω = 0. Hence for every i and t there exists ε = ε(i, t) such that for U i,t = D(ε) ∩ Π t we have
We may assume that ε(i, t 1 ) < ε(i, t 2 ) if 0 < t 1 < t 2 < 1/2. Set
. . , p. We now apply Theorem 2 and Lemma 1 to get
Part (a) is thus proved; (b) follows from Theorem 2(b).
P r o o f o f t h e C o r o l l a r y. We apply Theorem 3(b) and the following theorem of Fatou [5] : if the Julia set J of a rational function contains an analytic arc, then J is a circle or a segment. Equality in (1.4) is checked up directly. § 5. Hyperbolic sets. Call a domain Ω ⊂ C hyperbolic with (hyperbolicity) constant α, 0 < α < 1, if there exists ε > 0 such that for any ball B z (r) with centre at z ∈ ∂Ω and radius r < ε
(l 2 is the two-dimensional Lebesgue measure on C).
Example. Let Ω be the simply connected basin of attraction of an attracting fixed point ξ ∈ C of a rational function f (more generally: Ω and f are the RB-domain and the mapping, introduced in [8] ). Let f : ∂Ω → ∂Ω be an expanding mapping [7] , that is, there exist
Then Ω satisfies (5.1) (see [7] ).
Let C a (r 1 , r 2 ) = {z : r 1 < |z − a| < r 2 }.
If Ω is a hyperbolic domain with constant α, then for any a ∈ ∂Ω and any r > 0
P r o o f. Fix any α 1 > α and choose m ∈ (0, 1) so that
Then for any a ∈ ∂Ω and u < ε
Here l(τ ) is the Euclidean length of that part of the circumference |z − a| = τ which lies in Ω. We substitute τ = ut, t ∈ (m, 1), divide the last inequality by u 3 and integrate over u from δ to r. We obtain
Applications. Let us write down the obtained results for polynomial-like mappings [8] . First, let P be a polynomial of degree m ≥ 2 and suppose its Julia set J(P ) is connected. This is equivalent to the basin of attraction of infinity
being simply connected in the Riemann sphere C. There exists an analytic homeomorphism
The mapping H 0 transforms P :
Let z 0 ∈ J(P ) be a repulsive periodic point of P . Then z 0 can be reached by a curve from D ∞ and there exist a finite number r of radial directions in B(1) on which H 0 (ω) → z 0 (|ω| → 1) [2] , [3] . Now consider a polynomial-like mapping T : W → W . This means that W, W are simply connected domains, W ⊂ W and T : W → W is a proper holomorphic mapping of degree m, m ≥ 2. The term "polynomial-like" is accounted for by Douady-Hubbard's theorem [2] : there exist a polynomial P of degree m and a quasi-conformal homeomorphism H 1 of some neighbourhood V of F (P ) = {z : sup n |P n z| < ∞} = C \ D ∞ onto some neighbourhood U of F (T ) = {z ∈ W : T n z ∈ W , ∀n ∈ N} such that T • H 1 (z) = H 1 • P (z) if P (z) ∈ V . Denote the maximal dilation of the quasi-conformal mapping H 1 : V → U by K. Let J(T ) = ∂F (T ).
Question: does inequality (7.2) remain true for polynomials with disconnected Julia set? and for rational functions R (deg R ≥ 2)?
If P (z) = z m + c, then (7.2) is true for every c ∈ C.
Another problem: find the infimum x * of x such that the inequality χ n ≤ x ln m is valid for all periodic points of a given polynomial. We have proved that x * ≤ 2, and if P : J → J is expanding that x * < 2 (J(P ) is connected). As shown in [3] , either x * > 1 or P is equivalent to z m .
